ALGEBRAICITY OF L- VALUES FOR ELLIPTIC CURVES IN A 
FALSE TATE CURVE TOWER 
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Abstract. Let E be an elliptic curve over Q, and r an Artin representation 
over Q that factors through the non-abelian extension Q( '^^/m, /Xp>i )/Q, where 
p is an odd prime and n,m are positive integers. We show that L{E,t,1), 
the special value at s = 1 of the L-function of the twist of E by r, divided 
by the classical transcendental period l^^l \^{t) is algebraic and Galois- 
equivariant, as predicted by Deligne's conjecture. 



1. Introduction 

Recently, there has been great interest in generahsing classical Iwasawa theory of 
elliptic curves to a non-commutative setting. That is, instead of considering cyclo- 
tomic extensions of number fields, one considers infinite extensions K^/K, whose 
Galois group is a compact p-adic Lie group (see 4 ) . A fundamental concept in the 
theory is that of a p-adic L-function. Roughly speaking, this should interpolate the 
special values at s = 1 of the L-functions of twists of the elliptic curve E by Artin 
representations that factor through K^c ■ 

One of the most basic non-abelian p-adic Lie extension is the false Tate curve 
extension over Q, that is 

where p is an odd prime, to > 1 is an integer that is not a p-th power, and where we 
write Ilk for the set of fc-th roots of 1. The Galois group of Q^r over Q is a semidirect 
product of Z* by Zp. In this paper, we prove Dehgne's period conjecture (see [5]) 
for the L-function of an elliptic curve over Q twisted by any Artin representation 
that factors through f Theorem 14.211 . In particular, we show (GoroUarv 14. 3|) 
that if E is an elliptic curve over Q, and if _F is a number field contained in Q^t, 

then 

L{E/F^)^/\K7\ 

vt+{EY^+^^\n_{E)Y^ 

where ri (resp. ^2) is the number of real (resp. complex) places of i^, Af is the 
discriminant of F, and Vt± are the usual periods attached to E (see 'i'2.2\ . Note that 
this is precisely the quotient that appears in the Birch-Swinnerton-Dyer conjecture. 

The essential characteristic of the false Tate curve extension is that every irre- 
ducible Artin representation is induced from a 1-dimensional representation over 
Q(/Xpn), for some n > (see Note that, for n > 0, this is a CM field, i.e. it 
is a totally imaginary quadratic extension of the totally real field Q(/ipn)+. This 
enables us to write the L-function of the twist of E by such an irreducible Artin 
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representation as a Rankin-Selberg product over Q(/ip")^. In 12 , Shimura has 
established results concerning the algebraicity of the corresponding L- values. The 
periods appearing in Shimura's work involve the Petersson inner product of Hilbert 
modular forms, while the periods in non-commutative Iwasawa theory involve the 
classical periods il±{E). The main issue in the proof of Theorem 14.21 is how to 
relate these periods fTheorem l3.4|l . 



2. Notation and background results 

2.1. Fields and Artin representations. We fix, once and for all, an embedding 
of Q into C, and an embedding of Q into Q; and of Q; into C for each prime I, in 
such a way that the composition Q ^ Q; — > C agrees with Q ^ C. 

For every prime v oi a number field K, we fix a copy of the decomposition group 
at V. We write ly for the inertia group at v, and for a geometric Frobenius at 
V (i.e. its image modulo ly is the inverse of arithmetic Frobenius). 

An Artin representation p over a number field K will always be assumed to take 
algebraic values, i.e. p : Ga,l{Q/K) GL„(Q). We write Q{p) for the finite Galois 
extension of Q generated by the coefficients of p. We will abuse notation and also 
write p for p^^Q^, the representation with scalars extended to for a prime £. 

If X is a Hecke character of finite order over K, we also write x for the corre- 
sponding ideal and Galois characters. (For the latter, we set our local reciprocity 
maps in unramified extensions to take a uniformiser to the geometric Frobenius 
element.) 

We fix the following notation: 
Ak absolute discriminant of the number field K . 
^K/K' relative discriminant of K over K' . 
Qab maximal abelian extension of Q. 

Q^f, for a finite set of rational primes E, this is the maximal abelian 

extension of Q, unramified outside S U {cxd}. 
A'+ for an abelian extension K of Q, this is its maximal real subfield. 
p^ subspace of the Artin representation p over Q on which complex 

conjugation acts by ±1. Its dimension does not depend on the 

choice of the complex conjugation element, 
p'^ for p : Gal(Q/A) — * GL„(Q) an Artin representation over K, 

and a G Gal(Q/Q), this is the Artin representation a o p, 

i.e. a acts on the coefficients of p. 



2.2. Elliptic curves and their L-functions. Let E be an elliptic curve over Q. 
We write N{E) for the conductor of E. Fix a minimal Weierstrass equation for E, 
and write cue for the Neron differential. Pick a generator 7_|_ (respectively 7_) of the 
subspace of Hi{E{C), Z) on which complex conjugation acts trivially (respectively 
by -1). Set 

n+{E) = j LOE n_{E) = [ UJE- 

Classically, one chooses 7± so that Vl+{E) and —iQ,^{E) are positive real numbers. 
We write Ti{E) for the €-adic Tate module of E, and set Ve,{E) = Ti{E) and 
H\{E) = Hom(F,(i;), Q^) Q,. 
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We now define the Euler factors of E, p and the twist of by p as follows. For 
a prime v of K , set 

P,(E/K,X) = dct{l-X<S>^\H}iEy-), 
Py{p,X) = det(l-X$„|p^-), 
Py{E/K,p,X) = det(l-X$,|(iJi(^^)'^Q, P)^"), 

where £ is any prime not divisible by v. These definitions are independent of the 
choice of i. Moreover, the coefficients of Pv{E / K, X) are integral, and those of 
Py{p,X) and P,{E/K,p,X) lie in Q{p). 
We define the L-functions 

L{E/K,s) = Y[P^{E/K, {NK/Qv)-n-' , 

V 

V 

L{E/K,p,s)^l[P„{E/K,p, (Nk/qv)-')-' , 

V 

where the products are taken over the primes of K . These Euler products converge 
for Re(s) sufficiently large. The L-function of p is known to have meromorphic 
continuation to C. The i-functions of E and its twists are conjectured to have 
analytic continuation to C. 

2.3. Modular forms. For Hilbert modular forms we follow the conventions of 
Shimura's article [T2]. Let F be a totally real field, abelian over Q. Let g be 
a Hilbert modular form of parallel weight /, level n and character (p. We write 
L(g, s) = J2m ^{^1 g)^(m)~* for the Dirichlet series attached to g, where m will 
always be supposed to run over the non-zero integral ideals of Op- For a Hecke 
character x ■ A*p/F* ^ C*, we write 

^(g, X,s)^Y. x(m)C(m, g)iV(m)-« . 

m 

Let f be a cusp form of parallel weight fc, level n and character -0. We write 
D(f,g, s) for the Rankin-Selberg product of f and g, which is defined by 

D(f , g, s) = L„(M 2s + 2-k-l)Y^ C{m, f )C(m, g)iV(m)-^ 

m 

where Ln{'4"pys) denotes the classical L-function over F of ipcj), with the Euler 
factors at the primes dividing n removed. Whenever we do not specify the level 
of f and g, we always consider n to be least common multiple of their levels. We 
write (f, g)i? for the Petersson inner product of f and g, normalised as in jl^ §2. 

For an elliptic curve E over Q of conductor N{E), we write Je for the associated 
rational new form (over Q) of weight 2, trivial character and level N{E) (using the 
modularity of elliptic curves, ^l^^E]). We write f^; for the base change of Je to 
F. Such a base change exists as F/Q is abelian, [30]. It is a Hilbert modular form 
that is a new form of parallel weight 2, trivial character, and of conductor dividing 
N{E)Of. 

Remark 2.1. Note that, following Shimura's terminology in J^li is primitive, 
in the sense that it is a normalised new form of some level. 
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For a Hilbcrt modular form g, we write Q(g) for the extension of Q generated 
by the C(m, g), defined above. For E an elliptic curve over Q, the field Qiis) is 
just Q. If cr € Gal((!2/(Q)) and g is a Hilbert modular form of parallel weight and 
with C(m, g) S Q, we write g'^ for the Hilbert modular form which has C(m, g"") = 
C(m,g)^ 

Remark 2.2. If comes from an elliptic curve over Q, and if g corresponds to a 2- 
dimensional Artin representation p over F, the Rankin- Selberg product D(iE, g, s) 
is the L-function L{E/F,p,s) up to a finite number of Euler factors. It has an 
Euler product 

Z)(fB,g,s) = J|det(l - {NF^Qvy'<S>,\Hl{EY-®p'-)-' . 

V 

The Euler factor at v can only differ from that of L{E, p, s) when both H^{E) and 
p are ramified at v. Moreover, the functions -D(f£;,g, s) and L{E,p,s) coincide 
provided that at every prime of bad reduction of E, 

{Hl{E) ® pY^ = HI{EY- ® . 

There is a similar Euler product if we replace g by a character x of finite order. 
Thus, once again, L{E/ F,Xj s) may differ from D(f£;,x, s) at finitely many Euler 
factors, and there is a similar criterion for when D{fE, X, s) = L{E, x, s). 

Remark 2.3. With notation as in Remark 12.21 the functions -D(f£;,g, s) and 
-D(f£;,X, s) are analytic on C (see Proposition 4.13). As the local polynomials 
Py{E/F,p,X) and Py{E/F,x,X) do not vanish at X = {Np/^vy^, it follows that 
the L-functions L{E/F, p, s) and L{E / F, x, s) are meromorphic on C, and analytic 
at s = 1. 

2.4. Gauss sums and e-factors. Let i^T be a number field, and p an Artin repre- 
sentation over K. We write eK{p) for the global e-factor of p (see Recall 
that it can be written as a product of local e-factors. We write eK,oo{p) for the 
contribution from the archimedean places of K, where we have chosen the standard 
additive character and measure at these places (i.e. exp(27rza:), for real places 
and exp(27ri Trp/R z), \dz A dz\ for complex ones). Global e-factors are inductive, in 
the sense that, whenever K/L is a finite extension and p an Artin representation 
over K, 

eK{p) = eL(Indp) . 
For ip a character over K of finite order we define 

This is Tate's ei(V') (see §3-6), with the local epsilon factors at infinity removed. 
The quantity tk coincides with that used by Shimura in |12| . where tk is defined 
for totally real fields K . 

Remark 2.4. With our conventions, the local e-factor at a complex place of an 
Artin representation is 1. In particular, if K is totally imaginary, then eK.oo{ip) — 1. 
The local e-factor at a real place v of an Artin representation p is i'^™ , where p~ 
is the subspace on which complex conjugation at v acts by —1. 

We have already mentioned that ex is inductive. On the other hand, tk satisfies 
the following Galois equivariance property: 
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Lemma 2.5. (see also 12 Lemma 4.12) Let K be a number field, and let 'ipi,ip2 
be characters over K of finite order. Then for every a G Gal(Q/Q), 

TK{lplYTK{i^2Y ^ TK{,1pl)TKm) 

Proof. The formula holds prime-by-prime when we view tk as a product of local 
non-archimedcan e-factors (see (3.2.3) and (3.2.6)). □ 

2.5. Results from the theory of Hilbert modular forms. The following two 
results from the theory of modular forms, concerning the special values of L- 
functions, are fundamental to our study. 

Theorem 2.6. (Shimura [12) Let F be a totally real field. Write rf = [F : Q]. Let 

i be a primitive Hilbert modular form of parallel weight 2 and with trivial character. 
Let g be a Hilbert modular of parallel weight 1 and character (p. Define 

Then r(f,g) G Q(g). Moreover, for every a £ Aut(C), 

T(f,g)- = T(f^g'^). 

Theorem 2.7. (Shimura 11 , see also Birch 2 ) Let E be an elliptic curve 
over Q, and let tj: : Gal(Q/Q) ^ C* be a Dirichlet character. Define 

f^sign(V')(-^)'^Q(V') 

Then S{E, ip) G Q. Moreover, for every a G GaL 



3. Periods of elliptic curves and the Petersson inner product 

In this section we establish a relation between the quantity which appears 

in the Birch-Swinnerton-Dyer conjecture and its generalisations, and {fE,iE)F, 
which appears in the theory of Hilbert modular forms fTheorem ll'i.4|l . 

The method is the following. Suppose that E/Q is an elliptic curve, K an abelian 
extension of Q not contained in R, and F its maximal totally real subfield. The- 
orem gives an expression for L{E / K,l) involving the Petersson inner product 
{iE,{E)F- On the other hand, we can decompose the L-function L{E/K, 1) as a 
product of L-functions over Q of 1-dimensional twists of E. Theorem 12.71 then 
provides an expression for L{E/K, 1) involving the classical periods fl±{E). 

The problem with the above method as it stands, is that the i- value L(E/K, 1) 
may be zero. To correct this, we replace L{E/K,s) in the above procedure by 
L(E/K,Xt s), for a suitable 1-dimensional Artin representation x over K. Our 
proof uses the following well-known result of Rohrlich, 

Theorem 3.1. (Rohrlich 00) Let E be an elliptic curve over Q. Let Y, be a 
finite set of primes. Then for all but finitely many Dirichlet characters ijj unramified 
outside S and infinity, 

L{E/Q,i,,l)^0. 
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Corollary 3.2. Let E be an elliptic curve over Q. Let T, be a finite set of primes 
of Q. Let F C Then there exist an extension Fq/F, with Fq C Q^i,, such 

that for every character ip : Gal(Q^{,/i^) — > C* of finite order that does not factor 
through Fq/F, 

L{E/F,^P, 1)^0. 

Proof. Let 5 ~ . . . , (pk} be the set of all Dirichlet characters over Q that are 
unramified outside SU{oo} and satisfy L{E/Q, (pj, 1) = 0. Note that by Rohrlich's 
theorem 13. II this set is finite. 

Let us pick F C Fq C Q^i^ such that all the factor through Fq. We claim that 
this field satisfies the conclusion of the corollary. Indeed, let V' : Gal(Q^j/F) — + C* 
be a character of finite order that does not factor through Fq/F. Then, by the 
inductive properties of L- functions, 

L{E/F,^p,s)^\{L{E/q,i^j,s), 
i 

where the 0^ ipj is the representation of Gal(Q^f,/Q) induced from ip. By Frobenius 
Reciprocity, the ipj are precisely the characters of Gal(Q^j/Q) that restrict to ip. 
In particular, none of them factor through Fq/Q, and hence ^pj ^ S for every j. By 
the definition of S we conclude that 

L{E/F, 1) = n L{E/Q, ^,,1)^0. 
j 

□ 

Corollary 3.3. Let E be an elliptic curve over Q. Let F be any abelian extension 
o/Q. Let e : Gal{Qab/ F) C* be any character of finite order. Then there exists 
a character of finite order x '■ GsL[{(Jab/F) ~^ C* , such that for every a G Gal(Q/Q) 
we have 

L(£;/i^,r,l)^0, 1)7^0 

and 

L(E/F, r , s) = D(iE. r , s), T{E/F, re, s) = i^(fB, ^ e, s) . 

Proof. Let S be a set of primes containing all primes of bad reduction of E, the 
divisors of A^?, and the primes of Q below those dividing the conductor of e. Let 
Fq be the field given by GoroUarv 13.31 for the field F and the set S. 

Pick a character x ■ Gal(Q^(,/F) C* , such that for every prime w of above 

S, 

ord^Nix) > max(ord„(Aj.„/i.),ord„iV(e),ord„7V(i;/F)) , 
where N{(^) denotes the conductor of ^. Such a character can always be found in 
F{iim)/F for TO ~ ripes^'''''' ^^^^ sufficiently large (see e.g. ^U], chapter 

IV). 

We now have, for every a E Gal(Q/Q) and every such v, 

ord, 7V(x") = ord, iV(re) > max(ord,(Aj.„/j.), ord, N{E/F)) 

Therefore, for every a £ Gal(Q/(Q)), the characters x"' and x'^e do not factor through 
Fq/F. Moreover, for every prime w of where E has bad reduction. 
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and 

{Hi{E) ® r^Y" = = m{Ey^ ® (re)'- . 

Thus X satisfies the requirements of the corollary. □ 

Theorem 3.4. Let E be an elliptic curve overQ. Let F be a totally real field, with 
F/Q abeUan. Write d^[F -.Q]. Then 



{n+{E)n^{E)r 



G 



Proof. Pick K C Qab to be any totally imaginary quadratic extension of F (for 
instance K — F{i) will do). Write e for the quadratic character of K/F. Take 
X ■ Gal(Q/i^) — ^ C* to be the character of finite order provided by Corollary 13. 31 in 
this setting. 

We write x for the restriction of x to Ga.\{Q/ K). Note that the induction of x 
to Gal(Q/F) is X © X^- We let be the Hilbert modular form of parallel weight 
1 and character ex^ that is the automorphic induction of x, see e.g. §5. (This 
is the Hilbert modular form associated to the Artin representation x ® X^-) 

With notation as in Theorem 12. 61 with i — is and g g^, 

D{{e, gx, 1) - T{iE, gx)(2i) W(x'e)(fE, iE)F. 

By our choice of x 

i^(f£, gx, 1) = L{E/F, X ® xe, 1) = L{E/F, x, l)L{E/F, xe, 1) ■ 

Let 0^,...,0j and Of',..., Of be the characters of Gal(Q/Q) that restrict to x 
and xe, respectively. In particular, by Frobenius reciprocity, the induction of x to 
Gal(Q/Q) is (BjOf, and similarly for xe- Inductive properties of L-functions allow 
us to rewrite the above formula as 

D{iE, gx, 1) = n ^(^/^^ ' 1) n ^(^/^' ' 1) • 

j 3 

We obtain, using the notation of l2.7l 
T{iE,^^)TF(x'e) ■ {2iYT:^^{iE,iE)F 



Un. ,,,.JE)n. ,,,JE) -[[S{E,9^)r^{9^)[[S{E, 

11] sign(ej= )\ ) sign(ep>. j j 



^f)rQ(^f) 



Note that, by the choice of x, the above does not read = 0, since the corresponding 
L-functions do not vanish at s = 1. We rewrite the above as 

(2ifT,^\iE^E)F _ Y{]rQ{ej)Mef)Y{^s{E,e^)s{E,ef) 

{n+{E)n.{E)Y TEix^e) T(fe,gx) 

where we have used the fact that exactly d oi 9^ , . . . ,9'^, 9^ , . . . , 6'^'^ have sign +1. 

Using the definition of r, the inductive properties of global epsilon factors and 
the formula for the local e- factor at a real place (see Remark l2.4f) . we obtain 

{2iY^^<^{iE,iE)F , , Mx)rFm a- S{E,9j)S{E,9p 



lA 



{n+{E)n^{E)Y '"^1 TEix^e) niE,g^) 

Let us call the quantity on the right-hand-side R{x)- To obtain the above equality 
we have only used the fact that L{E/F, x ® X^, 1) coincides with D{iE, gx, 1), and 
that this L-value is non-zero. Thus, by our choice of x, the above equality also 
holds if we replace x by x"^ for any a e Gal(Q/Q), and so we have i?(x) — R{x'^)- 
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By Theorems 12.61 and 12.71 R{x) G Q. To prove our theorem, we need to show 
that R{x) actuaUy hes in Q. So let cr e Gal(Q/Q). By Lemma EH Theorem ITBl 
and Theorem 12. 71 

' tf{x)tf{x'^)Y _ 'TF{x'^)TF{x'^e) 



TFix'e) J TFiix're) ' 

and 

s{E, ej)s{E, ef)y n, s{e, iefr)siE^ (ef 



Observe that {df,. ..,ef} = {{eff, (9^)"}, and similarly for Of. Further- 
more, as — g^c^ we deduce that R{x)'^ = Rix"^) — R{x)- As a was arbitrary, it 
follows that 

{2t)V{iF,iE)F 

{n+iE)n.{E)r 

□ 

Corollary 3.5. Let E be an elliptic curve over Q. Let K he an ahelian extension 
of Q, which is not a subfield o/M. Let ip : Gal(Q/i^) C* be a character of finite 
order, and write p for the Artin representation over Q induced by 4>. Then 

n+{E)dn-{Ey 

where d=[K ■.Q]/2. 

Proof. This follows from Theorems 12.61 and 13.41 and the inductive properties of 
L-functions. For g in Theorem 12.61 we take the Hilbert modular form over 
induced from (as a Hecke character). Notice that the Rankin-Selberg product 
-D(f,g, s) may differ from L{E,p,s) only at finitely many Euler factors, that take 
algebraic values and do not vanish at s = 1. □ 

Remark 3.6. In view of Theorems 12.61 and 12 . 71 the result in Theorem l3.4l is equiva- 
lent to saying that (f^;, iE)F/{fE, /e)q £ Q- This result can be easily generahsed to 
deal with any primitive cusp form / over Q that has even weight, trivial character 
and C(m, /) S Q. Indeed, the results of Rohrlich and Shimura that we used in the 
proof apply in this setting. The role of fl± can be played by the quantities uf in 

4. The false Tate curve extension 

Let p be an odd prime, and let m > 1 be an integer, that is not a p-th power. 
We consider the false Tate curve extension of Q, 

= U„Q(''V7^,/ip.). 

We write if„ — Q(/Xp7i). For a discussion of the representation theory in the false 
Tate curve extension see 

Let pn be the irreducible Artin representation over Q, that is induced from any 
1-dimensional representation of Gal(i^„{ ''y^) / Kn) of exact order p". Every irre- 
ducible Artin representation that factors through Qp^ has the form pn(f>, where 
is a 1-dimensional Artin representation over Q that factors through Kk, for some 
A; > 0. If pn is induced from x ■ Gal(if„( ''^^/rn)/Kn) C*, then p„0 is in- 
duced from xRes0 : Ga.\{Q/ Kn) ^ C*, Note that, in particular, every irreducible 
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representation of dimension larger than 1 is induced from a 1-dimensional Artin 
representation over an abelian extension of Q, not contained in K. We immediately 
obtain from Corollary 13.51 and Theorem 12. 71 

Corollary 4.1. Let E be an elliptic curve over Q. Let p be an odd prime and let 
m > 1 be an integer that is not a p-th power. Let p be an Artin representation over 
Q that factors through Q( ''\/m, ^p"), for some n>Q. Then 

^(^'^'1) eQ 

Our aim is to make a more precise statement about the field of definition of the 
special value in the above corollary. First, we recall some more terminology. 

Let F be a totally real field of degree d, and let K/F be a totally imaginary 
quadratic extension. We fix an embedding ^ C, and write c for the complex 
conjugation element. We say that a character of finite order ip : Ga^Q/J'T) C* 
is cyclotomic if ijj{cgc) = ip{g) for all g € Gal(Q/_ftr). We call ip anticyclotomic if 
ipicgc) = ip{g)~^. Note that when tp is cyclotomic, it can be extended to a character 
4j of Gal(Q/F). 

Write e for the quadratic character of K/F. If ip is cyclotomic over K, then the 
representation induced by V' to -F is -i/) © ipe. Moreover, if x is anticyclotomic and 
"0 is cyclotomic, then the determinant of the representation induced by xtp to F is 

Theorem 4.2. Let E be an elliptic curve over Q. Let p be an odd prime and let 
m > 1 be an integer, that is not a p-th power. Let p be an Artin representation 
over Q that factors through Q( ''y^, /ip"), for some n > 0. Define 

R(F n) = L{E,p,l)e{p)-^ 

Then R{E, p) e Q. Moreover, for every a G Gal(Q/(Q)), 

R{E,pr ^R{E,p''). 

In particular, 

R{E,p)eQip). 

Proof. It is sufficient to prove the Galois-equivariance formula for irreducible repre- 
sentations p. If p is 1-dimensional, the result follows from Theorem 12.71 observing 
that in this case i'^^^P tq{p) — €q{p). 

Otherwise p is induced from a character xff' over Kn for some n > 1, where x 
factors through Gal(_K'„( ''^^/rn)/Kn) and (j) factors through Gal{Kk/Kn), for some 
k > n. In this case dimp^ = dimp+ = p"~^{p — l)/2. The field if„ is a quadratic 
totally imaginary extension of the totally real field F = K^. Note that x is 
anticyclotomic and (p is cyclotomic. We write e for the quadratic character of 
Kn/F, and 4> for an extension of (f) to Gal(Q/F). 

Let g be the Hilbert modular form over F of parallel weight 1 and character 
that is the automorphic induction of x0 to F (see e.g. jl2] §5). This Hilbert 
modular form corresponds to the Artin representation Indx0 over F. We apply 
Theorem 12.61 to the pair f^, g. Eliminating the Petersson inner product {iE,iE)F 
using Theorem 13.41 we deduce that the expression 

i^(fg,g,l) 



10 



THANASIS BOUGANIS* AND VLADIMIR DOKCHITSER 



is algebraic and Galois-cquivariant. The term D{iE,S, 1) can be replaced by the 
L-value L{E,p,l) by Remark 12.21 and Lemma [4.41 and the inductive property of 
L-functions. Finally, the Gauss sum i'^™'^P Tp{e(fP) can be replaced by eK^iX'P) = 
£q{p) by Proposition 14.51 

□ 

Corollary 4.3. Let E be an elliptic curve over Q. Let p be an odd prime and let 
m,n> 1 be integers. For any subfield F of Q{ ^y^, /ij,"), 

L{E/F,l)y/\A7\ 

n+{Eyi+r2\n_{E)\^^ 

where ri (resp. r2) is the number of real (resp. complex) places of F. 

Proof. Take p to be the Artin representation induced from the trivial representation 
of Ga^QZ-F). Then p can be realised over Q, and e{p) = i^jA^. The resuh 

follows from Theorem 14.21 Note that in the resulting formula, a/JAfJ can be 
replaced by -^/fApJ, as their quotient is rational. □ 

The Rankin-Selberg product. In the lemma below, we justify the assertion in 
the proof of Theorem 14. 21 that the quotient of the Rankin-Selberg product by the 
classical L-function is Galois equivariant. More precisely, if E/Q is an elliptic curve, 
F a totally real field and p a (suitable) two dimensional Artin representation over 
F, then D(f£;, g, 1)/L{E/F, p, 1) is Galois equivariant, where we view this quotient 
as the finite product over primes where the local Euler factors of D and L differ 
(so that it is well-defined even when both L- values are zero.) 

Lemma 4.4. Let I\ be a number field, and let E be an elliptic curve over K. Let 
p be an Artin representation over K with coefficients in Q. Let v be a prime of K , 
and let £ be a rational prime not divisible by v. Then, for every a G Gal(Q/Q), 

det(l - X'l>„\{H^{E) (g) pY^Y = det(l - X<^^,\{HI{E) (g> p^Y") 

and 

det(l - X'S>^\{H}{EY'' Z"))"" = det(l - X'S>y\{Hl (EY" ® {p^Y") ■ 

Proof. Recall that the above characteristic polynomials have algebraic coefficients. 
Let L be a finite Galois extension of Q that contains these coefficients, and such 
that p is realised over L. It is clearly sufficient to prove the assertion in the lemma 
for cr G Gal(L/Q). 

Let a G Gal(L/Q). Write M for the subfield of L fixed by a. The coefficients in 
the above characteristic polynomials are independent of the choice of ^, with 
We can therefore take to be a rational prime not divisible by v, that splits in 
M/Q and is inert in L/M . Such primes exist by Chebotarev's density theorem. 

Let a be an element in L with L = M{a). For a fixed embedding Q ^ Q^, 
write a G for the image of a. We obtain an explicit isomorphism Gal(L/M) = 
Ga.\{Qe{a) /Qi) . We write a also for its image in Gal{Qi{a)/Qe) under this isomor- 
phism. 

If R is any representation of the Weil group at v with coefficients in Qi{a), we 
have 

det(l - $„X|(i?'")^") = det(l - <S>yX\R'''Y . 
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Indeed, letting V be the (a)-vector space on which R acts, if wi, . . . , w„ is a basis 
of then Vi , . . . ,v!^ is a basis of If the matrix of R{^v) with respect 

to wi, . . . , is (Ay), then the matrix of with respect to Vi, . . . ,v!^ is (A^). 

Applying this observation with R — H^(E),p and Hg{E) (g) p we obtain the 
asserted Galois-equivariance. □ 

Comparing Gauss sums and e- factors. We now complete the proof of Theorem 
14. 21 by showing that the quotient of the Gauss sum Tp, that appears in the definition 
of T{E/ F, p), by the e- factor that appears in Theorem l4.2l is Galois equivariant. 

Proposition 4.5. Let F be a totally real field of degree d, and let K he a totally 
imaginary quadratic extension of F. Write e for the quadratic character of K/F. 
Let X be an anticyclotomic character of K , and let ip be a cyclotomic character. 
Then, for every a G Gal(Q/Q), we have 



where -0 denotes an extension of to Gal 



Proof. This is a straight-forward computation using the definition of t and Lemma 
We have 



Applying Lemma 12.51 we rewrite the latter expression as 



{i^Y Tpii^^eY tk{x'')tk{.V) 



As X is anticyclotomic, the term tk (xY / 'Tk ix'^) ii^ tl^s above expression is 1. We 
now rewrite the last term in the formula 



i^Y _ VWk\ epi^Q^eY _ V\ 



^ ^A^ " Tp{i;YTp{^PeY £F,oo(^)"£F,oo(^e)" ^ y^A^ " Tpj^PYTpj^PeY {t'^Y 

x/IAifl Tp{iP'')Tp{i;''e) ep,oo{i^''Yp.,oo{i^^e) \/|Ak| Tp{i)'^)Tp{i:'^ e) i'^ 
The proposition follows. □ 
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